Let Aut(X, B) be the group of all Borel automorphisms of a standard Borel space (X, B). We study topological properties of Aut(X, B) with respect to the uniform and weak topologies, τ and p, defined in [BDK1]. It is proved that the class of smooth automorphisms is dense in (Aut(X, B) , p). Let Ctbl(X) denote the group of Borel automorphisms with countable support. It is shown that the topological group Aut 0 (X, B) = Aut(X, B)/Ctbl(X) is path-connected with respect to the quotient topology τ 0 . It is also proved that Aut 0 (X, B) has the Rokhlin property in the quotient topology p 0 , i.e. the action of Aut 0 (X, B) on itself by conjugation is topologically transitive.
Introduction
In the present paper, we continue the study of topological properties of the group Aut(X, B) of all Borel automorphisms of a standard Borel space (X, B). We consider two topologies, τ and p, on Aut(X, B) which take their origins in ergodic theory. They were defined and studied in the context of Borel and Cantor dynamics in [BDK1, BDK2, BDM, BK1, BK2] . Recall that the topology τ is defined by the base of neighborhoods U(T ; µ 1 , . . . , µ n ; ε) = {S ∈ Aut(X, B) | µ i (E(S, T )) < ε, i = 1, . . . , n}, where µ 1 , . . . , µ n are Borel probability measures on X and E(S, T ) = {x ∈ X : T x = Sx} ∪ {x ∈ X : S −1 x = T −1 x}. Obviously, τ is a direct analogue of the well known uniform topology on the group Aut(X, B, µ) of all non-singular automorphisms of a measure space generated by the metric d(S, T ) = µ(E(S, T )). It is worthwhile to mention that, in fact, Aut(X, B, µ) is formed by classes of automorphisms coinciding µ-almost everywhere. It allows one to neglect the behavior of automorphisms on sets of zero measure. Topological properties of (Aut(X, B, µ), d) were extensively studied in ergodic theory (see, for example, [AP, BG, CFS, D, H, R] ). The other topology, p, on Aut(X, B) is defined 1 Preliminaries 1.1 Let (X, B) be a standard Borel space with the σ-algebra of Borel sets B. This means, by definition, that (X, B) is (Borel) isomorphic to a Polish space, i.e. a complete separable metric space. Recall several facts about standard Borel spaces: (i) any two standard Borel spaces are Borel isomorphic; (ii) if A ∈ B, then A is either at most countable or has the cardinality continuum; (iii) if Borel sets A, B have the same cardinality, then they are isomorphic.
1.2
Denote by Aut(X, B) the group of all Borel automorphisms of (X, B). Let T ∈ Aut(X, B) and A ∈ B. The set n∈Z T n A is called the saturation of A with respect to T and denoted by s T A (or simply sA if T is clear from the context). A Borel set W is said to be wandering with respect to T if T n W ∩ W = ∅, n ∈ N. A Borel set A ⊂ X is called a complete section with respect to T (or simply a Tsection) if every T -orbit meets A at least once, i.e s T A = X. A point x from a Borel set A is called recurrent with respect to T if there exists n ∈ N such that T n x ∈ A.
1.3
Denote by Ap and Per the sets of aperiodic and periodic automorphisms respectively.
We say that a transformation T ∈ Aut(X, B) is smooth if there exists a complete Borel section A such that A meets every T -orbit exactly once. We will denote the class of smooth automorphisms by S. Obviously, any periodic Borel automorphism is smooth. On the other hand, if X is a compact metric space and T is an aperiodic homeomorphism of X, then T cannot be smooth.
1.4
We will use the following basic statements taken from [Nad] .
(a) (Poincaré Recurrence Lemma) Let T ∈ Aut(X, B) and A ∈ B. Then there exists a wandering set W ⊂ A such that for each x ∈ A − k∈Z T k W the point x returns to A for infinitely many positive n and also for infinitely many negative n.
(b) Let T ∈ Aut(X, B). Then X can be partitioned into a disjoint union of Borel sets X = X ∞ ∪ k≥1 X k where points from X k , k < ∞, have period k and X ∞ consists of aperiodic points.
(c) Let T ∈ Aut(X, B) and let X k , k < ∞, be as in (b). Then there exists a Borel set B k ⊂ X k such that X k = k−1 i=0 T i B k and the union is disjoint.
1.5 T -Towers Let T ∈ Aut(X, B). Assume that all points from A are recurrent with respect to T . For x ∈ A, define n(x) = n A (x) as the smallest positive integer such that T n(x) x ∈ A and
consists of pairwise disjoint sets. We call ξ k a T -tower with base C k and top
Since T n x ∈ A for infinitely many positive and negative n, we have
The above relation shows that ξ = {ξ k : k ∈ N} forms a partition of s T A into T -towers ξ k , k ∈ N. Notice that T maps the union of tops of these towers onto the union of their bases. Given a partition ξ on X, a Borel set B ⊂ X is called a ξ-set if it is a union of atoms of ξ.
1.6
The next lemma is one of the main tools in the study of Borel automorphisms. It is used in various problems related to finding a suitable approximation of an aperiodic automorphism, in particular, in the proof of the Rokhlin lemma [KM, Nad, BDK1] .
For the proof, see [BeK, Lemma 4.5.3] where (i) -(iii) have been proved in more general settings of countable Borel equivalence relations. It is shown in [Nad, Chapter 7] that one can refine the choice of (A n ) to get (iv) and (v). It is clear that one can remove an at most countable set of points from each A n to satisfy property (vi).
A sequence of Borel sets (A n ) satisfying 1.7 is called a vanishing sequence of markers.
1.8
Recall now the definition of the uniform and weak topologies on Aut(X, B) following [BDK1] . Let M 1 (X) denote the set of all Borel probability measures on X. A measure µ ∈ M 1 (X) is called continuous (non-atomic) if µ({x}) = 0 for all x ∈ X. The Dirac measure at x ∈ X is denoted by δ x . For T, S ∈ Aut(X, B), define E(S, T ) = {x ∈ X : T x = Sx} ∪ {x ∈ X : S −1 x = T −1 x}.
Definition
The topologies τ and p on Aut(X, B) are defined, respectively, by the bases of neighborhoods U = {U(T ; µ 1 , . . . , µ n ; ε)} and W = {W (T ; F 1 , . . . , F n )} where
Here T ∈ Aut(X, B), µ 1 , . . . , µ n ∈ M 1 (X), ε > 0, and F 1 , . . . , F n ∈ B.
It was shown in [BDK1] that Aut(X, B) is a Hausdorff topological group with respect to these topologies. More topological properties of Aut(X, B) and its subsets can be found in [BDK1] .
1.10 Remark If in the definition of τ one takes the set E 0 (T, S) = {x ∈ X : Sx = T x}, then the obtained new topology is, in fact, equivalent to τ . The proof of this fact is straightforward.
1.11
Let Ctbl(X) be defined as a subset of Aut(X, B) consisting of all automorphisms with countable support, that is T ∈ Ctbl(X) if |{x ∈ X : T x = x}| ≤ ℵ 0 where |A| denotes the cardinality of A. Note that Ctbl(X) is a normal subgroup closed with respect to the topologies τ and p, see the proposition below. Therefore Aut 0 (X, B) = Aut(X, B)/Ctbl(X) is a Hausdorff topological group with respect to the quotient topologies τ 0 and p 0 . Considering elements from Aut 0 (X, B), we will identify Borel automorphisms which are different on a countable set, that is S ∼ S ′ if |E(S, S ′ )| ≤ ℵ 0 . In other words, S ∼ S ′ if there exists P ∈ Ctbl(X) such that S = S ′ P . This identification corresponds to the well known approach used in measurable dynamics when two automorphisms are also identified if they are different on a set of measure 0.
Proposition Ctbl(X) is a normal closed subgroup in Aut(X, B) with respect to the topologies τ and p.
Proof. It is obvious that Ctbl(X) is a normal subgroup in Aut(X, B), so it is enough to prove that it is closed in τ and p. To do this, suppose that there exists an automorphism S ∈ Ctbl(X) τ \ Ctbl(X). Then for any neighborhood U(S) = U(S; µ 1 , . . . , µ n ; ε) there exists an automorphism R ∈ U(S) ∩ Ctbl(X), that is µ i (E(R, S)) < ε for all i. Since S / ∈ Ctbl(X), we have that E = {x ∈ X : Sx = x} is uncountable. Let ν be a continuous measure on X such that ν(X \ E) = 0. Consider a neighborhood U 1 = U(S; ν; ε) of S. Then for R ∈ U 1 ∩ Ctbl(X) we have that ν({x ∈ X : Sx = x}) = 1, ν({x ∈ X : Sx = Rx}) < ε But ν({x ∈ X : Rx = x}) = 0, therefore ν({x ∈ X : Sx = x}) = 0 and ν({x ∈ X :
. Then E = {x ∈ X : Sx = x} is uncountable and S-invariant. Let E 1 be an uncountable Borel subset of E such that
, then we obtain that R acts non-trivially on the uncountable set E 1 . This contradicts the definition of Ctbl(X).
The bases of neighborhoods for τ 0 and p 0 consists of the sets U 0 (T ; µ 1 , ..., µ n ; ε) = U(T ; µ 1 , ..., µ n ; ε)Ctbl(X) and W 0 (T ; F 1 , ..., F m ) = W (T ; F 1 , ..., F m )Ctbl(X), respectively. The next proposition shows that, in fact, τ 0 and p 0 are generated by neighborhoods U 0 and W 0 with continuous measures µ i and uncountable sets F j . 
Proposition
Given a τ 0 -neighborhood U 0 = U 0 (T ; µ 1 , ..., µ n ; ε) and a p 0 - neighborhood W 0 = W 0 (T ; F 1 , ..., F m ), there exist neighborhoods U ′ 0 (T ; ν 1 , ..., ν n ; ε) = U ′ (T ; ν 1 , ..., ν n ; ε)Ctbl(X) and W ′ 0 (T ; B 1 , ..., B m ) = W ′ (T ; B 1 , ..., B m )Ctbl(X) of τ 0 and p 0 , respectively, such that U ′ 0 ⊂ U 0 , W ′ 0 ⊂ W 0
Proof. Consider the countable set
where A c := X \ A. Clearly, ν i is a non-atomic Borel probability measure on X. It remains to show that U ′ 0 = U ′ (T ; ν 1 , ..., ν n ; ε)Ctbl(X) is a subset of U 0 . To do this, it suffices to check that for every S ∈ U ′ (T ; ν 1 , ..., ν n ; ε) there exists S 1 ∈ U(T ; µ 1 , ..., µ n ; ε) such that S ∼ S 1 . Let Γ be the countable group of automorphisms of X generated by T and S. Let D = s Γ A be the Γ-orbit of A. Define
Obviously,
Notice that if µ i (A) = 1 for some i, then for any S ∈ Aut(X, B) there exists
The proof for the topology p 0 is similar.
2
Smooth automorphisms are dense in (Aut(X, B), p) 2.1 In this section, we prove that the p-closure of the set S of smooth automorphisms is the entire group Aut(X, B). Moreover, it is shown that (Aut 0 (X, B), p 0 ) has the Rokhlin property.
Theorem
. Moreover, each p-neighborhood of an aperiodic automorphism necessarily contains an aperiodic smooth automorphism.
Proof. Let T ∈ Aut(X, B). Obviously, it suffices to consider the case when T is aperiodic. Take a p-neighborhood W = W (T ; F 1 , F 2 . . . , F n ) of T . Without loss of generality, we can assume that the sets {F 1 , F 2 . . . , F n } form a partition of X. Show that there exists a smooth aperiodic automorphism S ∈ W . For i = 1, 2, . . . , n, consider the Borel sets
Suppose that the collection {F
Here and below s stands for s T . Clearly, {sB 1 , sB 2 , . . . , sB q } is a partition of X into Borel sets. Without loss of generality, we may assume that all sets B 1 , ..., B q are non-empty. For each B i , find a wandering subset A i ⊂ B i (see 1.4) such that all points from D i = B i − sA i are recurrent. Therefore, by 1.5, we can find a partition Ξ i of sD i into pairwise disjoint T -towers {ξ i (k) : k ∈ N} such that the union of bases of these towers is D i . For short, we will write
For a tower ξ, denote by B ξ and h ξ its base and height, respectively. By construction, we have that
Since each sB i , i = 1, ..., q, can be represented as a disjoint union of sA i and sD i , we obtain the partition
is a wandering set for T . Define S = T on s q s=1 A i . To complete the proof, we need to define S on
Fix the set sD i and let
is countable and therefore T , restricted to
Note that the cardinality of each tower ξ ′ ∈ Ξ ′ i is continuum. Now, we define the automorphism S on each tower
and S coincides with T on each level of the tower ξ ′ except the top of ξ ′ . To do this, we write down the base B ξ ′ of ξ ′ as a disjoint union B ξ ′ = m∈Z B ξ ′ (m) with uncountable Borel sets B ξ ′ (m). Let R m be an arbitrary Borel isomorphism between
Then S is defined everywhere on X. To prove that S ∈ W , we need to show that SF j = T F j . Write down F j ∩ sD i as a disjoint union of sets E 0 and E 1 where
Therefore, by definition of S, we have that SE 1 = T E 1 . It is clear that S = T on E 0 . The proof is complete.
2.3 Remark (1) We note that the set S is dense in (Aut(X, B) , τ ). It follows from the fact that the set of periodic automorphisms is dense in (Aut(X, B) , τ ) [BDK1, Corollary 2.6]. On the other hand, S ∩ Ap is nowhere dense in (Aut(X, B), τ ) by [BDK1, Theorem 2.8].
(2) The set of aperiodic smooth automorphisms is not dense in (Aut(X, B), p) because Ap is a closed subset in (Aut(X, B), p) [BDK1, Theorem 2.8].
Remark B. Miller proved the following result [M] which may be used to simplify the proof of Theorem 2.2:
Suppose that X is a Polish space, T : X → X is a Borel automorphism, and {A n } n∈N is a partition of X into Borel sets. Then there is a countable T -invariant set C ⊂ X and an aperiodic smooth Borel automorphism S : X \ C → X \ C such that T (A n \ C) = S(A n \ C) for every n ∈ N.
Proposition
Per is a closed nowhere dense subset of Aut(X, B) with respect to p.
Proof. We first show that the set Per is closed. If we assume that there exists an automorphism T ∈ Per p \ Per, then T must have an aperiodic point x 0 ∈ X. Define
. . and consider the p-neighborhood W = W (T ; F ). Then W necessarily contains a periodic automorphism P such that P F = T F . Since T F F , we obtain that P n F F for all n ∈ N. Therefore the point {x 0 } = F \P F must be aperiodic for P , a contradiction.
Let W (P ) = W (P ; F 1 , . . . , F n ) be a p-neighborhood of a periodic automorphism P . We can assume that the sets (F 1 , ..., F n ) form a partition of X. We will first show that W (P ) contains a non-periodic automorphism. By 1.4, X is partitioned into P -towers ξ k = {B k , . . . , P k−1 B k } such that P has period k on the set X k = B k ∪· · ·∪ P k−1 B k . One can refine the partition ξ = (ξ k : k ∈ N) to produce a new partition ξ ′ such that every F i , i = 1, ..., n, is a ξ ′ -set. Let (B, ..., T m−1 B) be a P -tower from ξ ′ with uncountable base. As in 2.2, we can find an aperiodic automorphism T defined on C = m−1 i=0 T i B such that T (P i B) = P i+1 B, i = 0, ..., n − 2, and T (P n−1 B) = B. Define T on X \ C by setting T = P . We see that T F i = P F i for all i, i.e. T ∈ W (P ). It is clear that there exists a Borel set F ⊂ C such that T F F . Then W 1 = W (T ; F ) contains no periodic automorphism. Thus, (W (T ) ∩ W (P )) ∩ Per = ∅ and we are done.
2.6
In contrast to 2.3, the situation for the quotient group Aut 0 (X, B) is different. It turns out that the set S ∩ Ap is a dense subset in (Aut 0 (X, B), p 0 ). (Aut 0 (X, B) , p 0 ).
Theorem The set of aperiodic smooth automorphisms is dense in

Proof.
By 2.2, we only need to show that each neighborhood W 0 = W 0 (P ; F 1 , . . . , F n ) of P ∈ Per contains an aperiodic smooth automorphism S. It follows from 1.4 that X is decomposed into an at most countable collection of Pinvariant towers Ξ = {ξ k : k ∈ N}. By 1.13, we can assume that all ξ k 's are uncountable Borel sets. Let Ξ
′ be a refinement of Ξ, obtained by cutting the towers from Ξ, such that each F i is a Ξ ′ -set. We partition each ξ ∈ Ξ ′ into a disjoint union ξ = m∈Z ξ m of P -towers ξ m such that the base of ξ m is uncountable. To define S on ξ, we apply the method used in the proof of 2.2. For fixed ξ m , m ∈ Z,, we set S = P everywhere except the top of ξ m and set S = R m on the top where R m is a Borel isomorphism mapping the top of ξ m onto the base of ξ m+1 . Then S is defined everywhere on X and is aperiodic. Note that every ξ ∈ Ξ ′ is S-invariant. Since all towers ξ m are of the same height, we have that S maps ξ-atoms onto themselves. It follows from this observation that SF i = P F i , i = 1, ..., n, that is S ∈ W 0 .
Corollary
Proof. This result is an easy consequence of 2.7.
2.9
The next statement proves a Borel version of the Rokhlin property for (Aut 0 (X, B), p 0 ). Note that this property was considered in the settings of measurable and Cantor dynamics in [GK, GW, BDM, R] . Proof. To prove this result it suffices to use 2.8 together with the simple fact that any two aperiodic smooth automorphisms are conjugate.
2.11
The famous Rokhlin lemma on approximation aperiodic automorphisms in the uniform topology was proved in the context of Borel dynamics in [BDK1, KM, Nad] . We formulate here this statement in the following form.
2.12 Proposition Let T be an aperiodic Borel automorphism of a standard Borel space (X, B) and let µ 1 , . . . , µ k ∈ M 1 (X), ε > 0, and n, m ≥ 2. Then there exists a Borel partition of X into T -towers Ξ = {ξ k : k ∈ N} such that the following properties hold:
Proof. The proof can be deduced from [BDK1, Theorem 2.5].
2.13 Theorem Let S ∈ Ap. Then for any R ∈ Ap and any τ -neighborhood U(R) = U(R; µ 1 , . . . , µ p ; ε), there exists T ∈ Aut(X, B) such that T −1 ST ∈ U(R). In other words, {T −1 ST : T ∈ Aut(X, B)} τ = Ap.
Proof. Apply 2.12 for R ∈ Ap, µ 1 , . . . , µ p ∈ M 1 (X), ε/2 > 0, and n = m = 2. We obtain a partition of X into R-towers Ξ = {ξ k : k ∈ N} satisfying (i), (ii). Choose a sufficiently large K ∈ N such that µ j ( k>K C k ) < ε/2, j = 1, . . . , p, where C k is the set supporting the tower ξ k . Therefore, we have that
for all j = 1, . . . , p, where B k is the base of ξ k and h k is its height. Since S is aperiodic, we can find K disjoint S-towers Λ = {λ l : k = 1, . . . , K} such that the height of λ k is h k and λ k has the same cardinality as ξ k for all k = 1, . . . , K. Denote by Z k the base of λ k and let
Define the automorphism T as follows:
Then T is defined everywhere on the set X. It is not hard to see that
Hence µ j (E(R, T −1 ST )) < ε, j = 1, . . . , p, and therefore T −1 ST ∈ U(R).
3 Path-connectedness of (Aut 0 (X, B), τ 0 ) 3.1 In this section, we prove that Aut 0 (X, B) is path-connected in the topology τ 0 . We first show that the group Aut(X, B) does not possess this property.
Proposition
The topological group (Aut(X, B), τ ) is not path-connected.
Proof. Let P be an arbitrary involution in Aut(X, B), that is P x = x and P 2 x = x for all x ∈ X. We will show that P cannot be connected with the identity I by a continuous path, i.e. there exists no continuous map f : [0, 1] → Aut(X, B) such that f (0) = I, f (1) = P . Assume that the converse is true and let f be such a path. Choose x 0 , y 0 in X such that P x 0 = y 0 , P y 0 = x 0 . Consider the τ -neighborhood U(P ) = U(P ; δ x 0 , δ y 0 ; 1/2) of P . Notice that U(P ) contains only those automorphisms from Aut(X, B) which map x 0 to y 0 and y 0 to x 0 . Since, by assumption, f is continuous, there exists t
Clearly, 0 ≤ t * 0 < 1. Consider now the neighborhood U(f (t * 0 )) = U(f (t * 0 ); δ x 0 , δ y 0 ; 1/2) of f (t * 0 ). If t * 0 > 0, then there exist α and β such that α < t * 0 < β and f ([α, β]) ⊂ U(f (t * 0 )). We obtain that f (β) ∈ U(f (t * 0 )) ∩ U(P ) and therefore, f (t * 0 )x 0 = f (β)x 0 = P x 0 = y 0 and f (t * 0 )y 0 = f (β)y 0 = P y 0 = x 0 . A similar relation holds for f (α). Thus, f (t * 0 ) ∈ U(P ) and therefore t * 0 cannot be the infimum. Hence t * 0 = 0 and I = f (0) ∈ U(P ), which is a contradiction.
3.3 Remark Let T ∈ Aut(X, B) and let A ∈ B be a complete T -section such that every point from A is recurrent. If a Borel set B contains A, then B is also a complete T -section which consists of recurrent points.
Theorem
The topological group (Aut 0 (X, B), τ 0 ) is path-connected.
Proof. We first prove separately that every periodic automorphism P and every aperiodic automorphism T can be connected with the identity by a continuous path (see 3.5 and 3.6 respectively). By 1.4, these two results will give the proof for any automorphism. Recall that, by 1.13, it is sufficient to deal with continuous measures only. Proof. By 1.4, we have the decomposition of X = k≥1 X k where X k = k−1 i=0 P i B k is a P -tower. Without loss of generality, we can assume that the B k 's are uncountable Borel sets and therefore they all are isomorphic to the unit interval (0, 1). Let ψ k : (0, 1) → B k , k ∈ N be a Borel isomorphism. For each B k , define the map
Claim 1. The function t → Ψ k (t), k ∈ N, is continuous on [0, 1] in the sense that for any non-atomic µ ∈ M 1 (X),
The proof is straightforward.
Define now the path f : [0, 1] → Aut 0 (X, B) as follows:
It is clear that f (0) = I and f (1) = P and we need to show only that f (t) is continuous. To do this, fix t 0 ∈ [0, 1] and consider the map Θ : t → µ(E 0 (f (t), f (t 0 ))) on [0,1] where µ ∈ M 1 (X) is non-atomic and E 0 is defined in 1.10.
The fact that Θ is continuous follows from Claim 1. If now U 0 (f (t 0 ); µ 1 , . . . , µ n ; ε) is a τ 0 -neighborhood of f (t 0 ), then we apply the proved result to each measure µ i . The lemma is proved.
3.6 Lemma Let T ∈ Aut 0 (X, B) be an arbitrary aperiodic automorphism. Then there exists a continuous map P : [0, 1] → (Aut 0 (X, B), τ 0 ) such that P (0) = I and P (1) = T . Moreover, for all t = 1, the automorphism P (t) is periodic.
Proof. By 1.7, choose a vanishing sequence of markers {A n } ∞ n=0 with A 0 = X. Without loss of generality, we can assume that the set F n := A n \A n+1 is uncountable for all n. Take a sequence of real numbers {t n } such that 0 = t 0 < t 1 < t 2 < . . . < 1 and lim n→∞ t n = 1. Let ψ n : [t n , t n+1 ) → F n , n ∈ N, be a Borel isomorphism. Define the function Φ : [0, 1] → B as follows:
Observe that for each t ∈ [0, 1) there exists n = n(t) ∈ N such that Φ(t) ⊃ A n . By 3.3, we get that Φ(t) is a T -section which consists of recurrent points. We also notice that lim t→s µ(Φ(t)△Φ(s)) = 0 for any non-atomic µ ∈ M 1 (X) and s ∈ [0, 1]. Now, we apply the method of the proof of the Rokhlin lemma [BDK1] to produce a continuous family {P (t)} of periodic automorphisms which approximates T .
Fix t ∈ [0, 1]. By 1.5, define the set Φ n (t) = {x ∈ Φ(t) : T n x ∈ Φ(t), T i x / ∈ Φ(t) for 1 ≤ i ≤ n − 1}, n ∈ N, where Φ n (1) = ∅ and Φ n (0) = X. Clearly, Φ n (t) may be empty for some n. By construction, the entire space X is partitioned into T -towers with bases Φ n (t). Define
x, whenever x ∈ T n−1 Φ n (t) for some n ∈ N T x, otherwise.
Notice that P (0) = I, P (1) = T , and P (t) is periodic if t = 1.
It remains to prove that the map P : t → P (t) sending [0, 1] to Aut 0 (X, B) is continuous. Note that for every n ∈ N the family {Φ n (t)} is continuous, i.e. for a non-atomic measure µ ∈ M 1 (X),
Indeed, this fact follows from continuity of Φ(t) and from the relation
Next, show that for t ′ , t ′′ ∈ [0, 1] we have
Let t ′ < t ′′ for definiteness. Suppose that x ∈ E 0 (P (t ′ ), P (t ′′ )). Then x belongs to a T -tower constructed over Φ(t ′ ), that is x ∈ T l Φ n (t ′ ) for some n ∈ N and 0 ≤ k ≤ n − 1. If x ∈ T k Φ n (t ′′ ), then by construction of P (t ′ ) and P (t ′′ ), we have that P (t ′ )x = P (t ′′ )x. Therefore, x ∈ T k (Φ n (t ′ ) \ Φ n (t ′′ )). This means that {P (t) : t ∈ O(s)} ⊂ U(P (s)) and the proof is completed.
3.7 Let T ∈ Aut(X, B) and let Orb T (x) denote the T -orbit of x ∈ X. Recall the definition of the full group [T ] generated by T ∈ Aut(X, B):
[T ] = {γ ∈ Aut(X, B) | γx ∈ Orb T (x), ∀x ∈ X}.
Then every γ ∈ [T ] defines a Borel function m γ : X → Z such that γx = T mγ (x) x, x ∈ X. It follows easily from 1.9 that [T ] is τ -closed in Aut(X, B). Note that if T ∼ S, then T n ∼ S n , ∀n ∈ Z. Therefore Orb T (x) = Orb S (x) everywhere except a countable set. This means that one can extend the definition of full group to automorphisms from Aut 0 (X, B).
Corollary The full group [T ] of any T ∈ Aut 0 (X, B) is path-connected.
Proof. The proofs of 3.5 and 3.6 show that the constructed paths f (t) and P (t) connecting the identity with T belong to the full group [T ] .
